This paper deals with the vibration analysis of an asymmetric composite beam composed of glass a piezoelectric material. The Bernoulli's beam theory is adopted for mechanical deformations, and the electric potential field of the piezoelectric material is assumed such that the divergence-free requirement of the electrical displacements is satisfied. The accuracy of the analytic model is assessed by comparing the resonance frequencies obtained by the analytic model with those obtained by the finite element method. The model developed can be used as a tool for designing piezoelectric actuators such as micro-pumps.
INTRODUCTION
Because piezoelectric materials are widely used as actuators and sensors in the form of composites, analyses of such composite structures have attracted much attention. Examples include the analytical modeling of a beam with surface-bonded or embedded piezoelectric sensors and actuators (Bailey and Hubbard [1] , Lee [2] , Wang and Rogers [3] ), use of piezoelectric materials in composite laminates and for vibration control (Wang et al. [4] , Blanguernon et al. [5] ). The use of the finite element method in the analysis of piezoelectric coupled structures has been studied (Robinson and Reddy [6] , Huang and Park [7] , Saravanos and Heyliger [8] , Kim et al. [9] ) and executed in commercial FEA codes (HKS Inc [10] ).
Crawley and de Luis [11] developed a uniform strain model with surface bonded and embedded piezoelectric actuator patches. Models for composite structures with piezoelectric materials as sensors and actuators have also been published (Han and Lee [12] ). Kunkel et al. [13] and Kocbach et al. [14] have studied the natural vibrational modes of axially symmetric piezoelectric ceramic disks by the finite element method. Q Wang et al. [15] have considered the free vibration analysis of a piezoelectric coupled circular plate. They used the Kirchhoff thin plate model for the displacement field and assumed a quadratic variation for the electrical potential in the thickness direction..
Most of the aforementioned works are concerned with symmetric structures with flexural deformation only. In this paper an asymmetric beam, in which both flexural and stretching deformations occur simultaneously, is considered. The beam is composed of a glass with a piezoelectric material poled in the thickness direction. The Bernoulli's beam theory is adopted for mechanical deformations and the same assumption on the electric potential adopted in Q Wang et al. [15] Figure 1 shows a glass beam with a piezoelectric beam mounted on its surface. The length of this model is expressed as L; the thickness of the piezoelectric material as ; the thickness of the glass as ; the total thickness of this composite beam model as .
According to Bernoulli's beam theory, the displacement field is assumed as follows:
where and are the components of displacements in the 
where ( ) f ′ is the partial derivative of the function ( ) f with respect to the spatial coordinate x .
For the electric potential, a quadratic variation of the electrical potential in the z direction is assumed as
where is measured from the interface, is the thickness of the piezoelectric beam, and
is a function of x and . From equation t (11) and the constitutive equations for the piezoelectric solids, the components of the electric field E and electric displacement are obtained as follows:
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Equations (16) and (17) to be further expressed as
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The stress component (1) 11 σ in the piezoelectric plane is expressed as 
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c are given by The resultant force and moment can be expressed, respectively, as 
FREE VIBRATION
In this paper the beam is assumed to be simply supported with the boundary conditions given by
and the resulting characteristic equation can be shown to be:
The frequency is obtained as
RESULTS
The resonant frequencies for the simply-supported beam were calculated using Eq. (40). The material parameters for the beam structure used in the numerical calculators are listed in table 1. Jung-San Chen, Shyh-Haur Chen, and Kuang-Chong Wu ANALYSIS OF ASYMMETRIC PIEZOELECTRIC COMPOSITE BEAM frequencies of this piezoelectric composite beam structure using Eq. (40) and finite element simulations, respectively. In this example, the thickness of the piezoelectric material is 200μm and that of the glass is 500μm. In addition, the variations of the first resonance frequency with the thickness ratio of the piezoelectric material and glass from 0.2 to 1.4 are displayed in figure  2 . It can be seen that the results by Eq. (40) agree closely with those obtained from the finite element analysis.
CONCLUSIONS
In this paper the resonant frequency of an asymmetric piezoelectric composite beam is studied. An analytic expression for the resonant frequency has been derived. The resonant frequencies predicted by the analytic solution are shown to be close to those computed by finite element simulations.
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